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Abstract. We firstly revisit the importance, naturalness and limitations of the so-
called optical metrics for describing the propagation of light rays in the limit of
geometric optics. We then exemplify their flexibility and nontriviality in some nonlinear
material media and in the context of nonlinear theories of the electromagnetism, both
in presence of curved backgrounds, where optical metrics could be flat and inaccessible
regions for the propagation of photons could be conceived, respectively. Finally, we
underline and discuss the relevance and potential applications of our analyses in a
broad sense, ranging from material media to compact astrophysical systems.
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1. Introduction
It is very well-known that light propagation in the limit of geometric optics can be
described by Fermat’s principle [1, 2]. It states that the trajectories of rays can be
obtained by the extremization of their optical paths [2]. Geodesics in a spacetime are
obtained likewise, by extremizing the distance between two given spacetime events.
This means that these two issues are intimately related ([2], page 127, and references
therein) and aspects raising in one area should be obtained in the other. This must be
specially the case for the spacetime metric. Indeed, it has been already shown how this
geometric structure steering light propagation always arise in the context of nonlinear
theories of the electromagnetism [3, 4, 5, 6, 7, 8, 9], some linear [10, 11, 12, 13] and
nonlinear media [14, 15, 16, 17, 18], condensed matter ([19] and references therein),
etc. Approaches where effective metrics arise are generically called analogue models
[20, 19, 21, 22] (mainly in the optical and acoustic scopes) and they have been studied
in a variety of scenarios, such as Hawking radiation coming from analogue apparent
horizons [23, 24, 25, 26, 27, 28, 29] and analogue quantum gravity (see e.g. [30, 19, 31, 32]
and references therein), only to cite some. It should be stressed that in these models the
concept of optical metrics (in this work we shall not focus on acoustic metrics), effective
metrics for the propagation of light rays, is an emergent aspect. Once established,
they can be regarded as fundamental quantities, for they directly describe photon
trajectories. This is to be contrasted with the metric of the background spacetime,
which is a fundamental quantity present ab initio in the Lagrangian density of interest,
related to what optical metrics shall also depend upon. With the use of the equivalence
principle, optical geometries can be defined in any background spacetime.
The control of light trajectories can be approached, for instance, with
transformation optics (see Ref. [22] for a comprehensive review and applications).
It is important since it takes advantage of the symmetries of Maxwell equations in
vacuum and in continuous media to make a link between coordinate transformations (or
geometries) and dielectric coefficients [33]. Nonetheless, this analogy is only valid when
the permittivity and permeability tensors are equal, which is very restrictive in terms
of generic dielectric tensors and, in general, can only be attained with metamaterials
[34, 35, 36].
In the context of nonlinear theories of the electromagnetism, it is always possible
to obtain effective metrics out of propagation of light rays. This means that given a
Lagrangian density dependent upon the invariants of the electromagnetism, one can
always “geometrize” the propagation of photons in terms of it; see [8] and references
therein. Nevertheless, this is not generally the case for light propagation in material
media and for linear ones it is already known that a closure relation should be satisfied
by the dielectric coefficients (permittivity and permeability) such that emergent optical
metrics be dependent only upon spacetime coordinates [12]. A generalization to the
closure relation does not yet exist for nonlinear media, in spite of the fact that optical
geometries arise for some nonlinear isotropic liquids [6, 37]. Without the closure relation
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an optical metric would generically depend upon properties of photons, such as their
wave-vectors. This would be of interest, for instance, to investigate extensions of
Riemannian geometries, like Finsler models, shedding some light into quantum gravity
phenomenology, due to modified energy-momentum dispersion relations, or the dark
matter problem ([38, 39] and references therein).
One aspect related to effective geometries that is not usually recalled is that, due
to the fact they depend upon external electromagnetic fields and dielectric coefficients,
for instance, in principle it is possible to conceive scenarios where they are very
simple (such as Minkowskian or conformally Minkowskian), even in curved background
spacetimes, when the aforesaid fields and dielectric tensors could be controlled or
presented convenient properties. This leads precisely to the novelty of this work: to
show the significance, physical reasonableness and nontriviality of the cases where optical
metrics are rendered or naturally are simple. Such an analysis could have far-reaching
implications for material sciences, charged black hole spacetimes, compact systems,
etc. For instance, as we shall underline and exemplify, flat (Minkowski) optical metrics
for material media would lead to the practical absence of reflection and refraction of
light rays coming from/going to an almost vacuous region (since our analyses will be
done in the limit of geometric optics and for usual media, one can assume that their
permeabilities are very close to that of vacuum [nonmagnetic media] [40, 2, 1], which
in practical terms means that rays do not reflect if the medium they come from has
the same index of refraction as the one they go to); for compact systems, it would
lead photons to propagate freely there. We stress that we are not interested here in
elaborating on specific analogue models of gravity, but rather to discuss the relevance
and pertinence of cases more related to its absence when curved background spacetimes
are taken into account.
This article is organized as follows. In section 2 we revisit how the geometric
interpretation may arise and its limitations for light propagation in the limit of geometric
optics. Section 3 is devoted to the study (for the first time) of some cases where optical
metrics could be Minkowski or almost Minkowski in the contexts of charged black holes
described by nonlinear Lagrangians of the electromagnetism, nonlinear liquid media
and in some regions of neutron stars. This could happen if some of their parameters
fulfilled some constraints, which we derive and discuss in detail, specially regarding
their physical reasonableness. In section 4 we gather the key points raised and discuss
possible far-reaching consequences of our analyses for material media and astrophysics.
Units here are such that c = G = 1, unless otherwise stated.
2. Effective geometries for light propagation revisited
In the limit of geometric optics, the important concept is that of rays, in very
close resemblance with material particles [1]. Nevertheless, wave properties are also
important, since in the geometric optics limit wave packets could always be made,
leading to ray description. Let us start with a monochromatic plane wave described by
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its wave four-vector kµ = (ω,−~q), where ω is its frequency and ~q its wave vector that
defines the direction of propagation. In the limit of geometric optics, such a four-vector
must be orthogonal to a hypersurface [the eikonal Ψ(xν)], thus kµ
.
= ∂µΨ.
Let us assume that the background spacetime is arbitrary. Making use of a locally
inertial frame, the equations governing the propagation of rays are [1, 33]
d~q
dt¯
= −∂ω
∂~r
,
d~r
dt¯
=
∂ω
∂~q
, (1)
where t¯ is the time recorded there and ω = ω(~r, ~q, t¯). The latter relation is obtained by
dint of the Fresnel equation (dispersion relation) [1, 2] to the medium under interest.
For media whose dielectric coefficients are functions of the space-time coordinates or for
those ones that are frequency dependent, but operating far from resonance or plasma
frequencies, the Fresnel equation can always be written as [3, 12, 8]
Ĝµναβ(xρ)kµkνkαkβ = 0, (2)
where Ĝµναβ is a rank-4 completely symmetric tensor depending only on the
electromagnetic field and its continuous derivatives. In this work we shall be concerned
with situations in which Gˆµναβ is decomposable in terms of a tensorial product of gˆµνs
(naturally occurring in nonlinear Lagrangians of the electromagnetism [8] and for some
nonlinear isotropic media [6, 37]), such that Eq. (2) can be factorized in quadratic terms
of the form
Υ ≡ gˆαβ(xµ)kαkβ = 0. (3)
We shall see that only in such situations one could make analogies of the propagation
of light rays and geodesics in a curved manifold.
Given Eq. (3), it is simple to show that Eqs. (1) can be cast as [3]
dxβ
dσ
=
∂Υ
∂kβ
,
dkβ
dσ
= − ∂Υ
∂xβ
, (4)
where we have defined dσ
.
= dt¯∂ω/∂Υ as a parameter along the ray trajectories. Clearly
Eq. (4) is the covariant version of Eqs. (1) and therefore is valid in any coordinate system.
In order to obtain the ray paths, one has to solve Eqs. (4). For Eq. (3) this solution
can be obtained generically, as we shall show now. From Eqs. (4) and Eq. (3), we have
that
dxα
dσ
.
= x˙α = 2gˆαβkβ → kµ =
1
2
gˆµαx˙
α, (5)
where gˆµν is defined such that gˆµν gˆ
µβ = δβν . By differentiating kµ in the above equation
with respect to σ and using the second equation in Eq. (4), after some simplifications
one has that
x¨ν +
1
2
gˆµν(gˆµα,β + gˆµβ,α − gˆαβ,µ)x˙αx˙β = 0. (6)
Therefore, if one assumes that rays propagate in an effective spacetime whose
geometrical structure is encompassed by gˆµν , then the second term of the left-hand side
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of Eq. (6) is proportional to the Christoffel symbols. Based on this effective geometric
structure, Eq. (6) can be cast as
x¨µ + Γ̂µαβx˙
αx˙β = 0, (7)
which makes it clear that rays follow along null geodesics in an effective spacetime metric
gˆµν [according to the definition of Υ and Eqs. (4)]:
x˙αkα = 0 ←→ gˆµν x˙µx˙ν = 0. (8)
Therefore, in order to know the ray trajectories, the effective metric structure is vital.
Note that light-cones are determined by gˆµν [see the above equation]. Out of the limit
of geometric optics, the background metric is the responsible for the causal structure.
Let us now say a few words about the case where gˆµν = gˆµν(xβ , kα). In such a
scenario Eq. (5) will be modified and by consequence the right-hand side of Eq. (7) will
gain terms not proportional to x˙µ. Therefore, only the case gˆµν = gˆµν(xβ) is connected
with usual geodesics for light rays.
Concerning the geometrization of light propagation in material media, we point
out that the approach we made use of is slightly different from the one coming from
transformation optics. The former deals with given dielectric coefficients (so there
is no induction of a material medium due to a coordinate transformation), which
by means of the Fresnel equation are mapped onto induced geometries for light rays
(either ordinary or extraordinary). For light propagation in a nonlinear theory of the
electromagnetism, one can indeed map it onto a continuous dielectric medium, but the
associated permittivity and permeability tensors are generally nonlinear and different
[41, 42]. Specific properties of light rays in our description arise from convenient optical
metrics (or effective geometries), similarly as in transformation optics.
3. Exploring effective metrics
Contrary to the usual cases in which nonlinear theories of electromagnetism in flat space
in the limit of geometric optics lead to the appearance of an effective curved metric for
the propagation of perturbations, in this paper we wonder under which circumstances
some nonlinear theories defined in a curved spacetime could cancel out the effects
of gravity, such that perturbations would follow along light-like curves of Minkowski
spacetime. Similarly, one can also wonder the properties nonlinear media and fields in
given curved backgrounds should have so that their optical metrics be flat. Thus, in
this section we scrutinize the properties some well-known electromagnetic systems in
the literature (but very different in their nature) should have in order that their optical
metric structure be simple (such as Minkowskian).
3.1. Controlling the effective metric of nonlinear black hole spacetimes
Here we shall investigate the conditions a nonlinear Lagrangian, an electric field and a
background metric (all of them connected by the field equations and not fixed a priori)
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should satisfy such that the associated optical metric be “controllable”. It is already
known that for any Lagrangian L(F ) (valid for configurations where the magnetic field
is absent), F
.
= gαµgβνFαβFµν is the invariant constructed from the electromagnetic
tensor Fµν , the following effective metric emerges for the propagation of disturbances in
this context [4]:
gˆµν
.
= gµν + 4
LFF
LF
gαβF
µαF νβ, (9)
where LF
.
= ∂L/∂F and LFF is instead the second derivative of L with respect to F .
To illustrate what may happen with nonlinear electromagnetic theories in curved
backgrounds, let us analyze the case of a spherically symmetric nonlinear charged black
hole related to a nonlinear Lagrangian L(F ), in the realm of general relativity. It is
simple to show that its background metric is given by (see for instance [43])
d(g00r)
dr
= 1− 2QEr + 2Lr2, (10)
where Q is a constant of integration (charge of the system) and the electric field Er
itself is determined by
dL
dEr
=
Q
r2
, (11)
which is nothing more than the sole equation of the electromagnetism for the case under
interest coming from an arbitrary L(F ), given that there F = −2E2r . If the nonlinear
Lagrangian to the system is known, then the effective geometry is given and only its
consequences could be probed.
For the problem of a nonlinear black hole spacetime, in order to have a controllable
effective metric, strictly speaking, one must assume that the nonlinearities of the
Lagrangian are to be fixed, as well as the electric field of the system. This case may be
of relevance in assessing certain kinds of nonlinearities of the electromagnetism whose
associated light propagation in the corresponding nonlinear black hole spacetimes are
simple, irrespective of how involved the background metrics may be. Let us start our
analyses by assuming that
1− 4LFF
LF
E2r ≡ f(r), (12)
where f(r) is a given function of the radial coordinate that satisfies the requirement
f(∞) = 1. From Eq. (9) one clearly sees this is the sole term related to the
electrodynamics of the system that contributes to its effective geometry. Simplifications
of Eq. (12) taking into account Eq. (11) leads to the generic solution
Er(r) = Q exp
[
−2
∫
dr
f(r)r
]
, (13)
where we considered that its asymptotic solution is Minkowskian, as implied by
f(∞) = 1.
Let us write the Lagrangian density as
L =
E2r
2
+ Lnl, (14)
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where Lnl is a nonlinear term and E
2
r/2 corresponds to the Maxwellian contribution for
the Lagrangian. From Eqs. (11) and (14), one shows that Lnl must satisfy the condition
dLnl
dr
=
dEr
dr
(
Q
r2
−Er
)
, (15)
with the constraint that Lnl(∞) = 0. Therefore, the hierarchy of the problem under
interest is the following: choose a f(r) such that f(∞) = 1; then find the electric field
Er by solving Eq. (13); afterwards solve Eq. (15) and, finally, solve for g00 according to
Eq. (10). For each choice of f(r), the effective metric becomes
ds2eff =
1
f(r)
[
g00 dt
2 − dr
2
g00
]
− r2dθ2 − r2 sin2 θdϕ2, (16)
while the background metric is
ds2 = g00 dt
2 − dr
2
g00
− r2dθ2 − r2 sin2 θdϕ2. (17)
For the case of black holes, it would be of interest to analyze the situation where
f(r) = g00, since it would lead to a simple optical metric structure. In this case, from
Eqs. (10), (13) and (15), one shows that for Er different from a constant
3(Er,r)
3 + ErEr,r[rEr,r3 − 2Er,r2 − 2Q(Er,r)2]
+ rEr,r2[(Er,r)
2 − 2ErEr,r2 ] = 0 (18)
and (background metric)
g00 = −
2Er
rEr,r
, (19)
where we have defined Er,rn
.
= dnEr/dr
n. In what follows we shall not investigate
Eqs. (18) and (19) but rather make generic analyses of photon propagation. We
start by focusing on the role played by f(r) on radial geodesics of the effective
metric, in particular at the points where g00 is null, which invalidate the conformal
analogy between (16) and (17). Apparent singularities of the background metric (17)
can be removed by introducing the Painleve´-Gullstrand (PG) coordinates, defined as
T = t+
∫
(
√
1− g00/g00)dr. The integration of the ingoing null radial geodesics related
to Eq. (16) in the aforesaid coordinates leads us to
r˙ = −f, (20)
T˙ =
f
g00
(
1−
√
1− g00
)
, (21)
where X˙ ≡ dX/dσ and σ is an affine parameter. For the background spacetime
[f(r) = 1], the above equations show that ingoing light rays cross its outer horizon
(denoted from now on by r+). Nothing similar happens with the effective metric when
f = g00. From Eqs. (20) and (21), one can easily see that in this case r¨ = r˙ = T¨ = T˙ = 0
at r = r+, indicating that light rays cannot cross from outside to inside of the outer
horizon, since external observer fields do not perceive any singularity there. In other
words, the outer horizon avoids that any eventual singularity in the background metric
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can be reached by photons. A direct way of seeing that indeed photons cannot cross
r = r+ is by introducing the new “radial” coordinate R =
∫
(dr/g00), which leads
Eq. (16) to
ds2eff = dt
2 − dR2 − r(R)2(dθ2 + sin2 θdϕ2). (22)
By assuming that g00 is a rational function that vanishes (at least) at r = r+, one has
that the domain of R is the whole real line, while its image r = r(R) is bound (from
below) by r = r+. This indicates that the region r < r+ is excluded from the portion
of the space-time accessible to the ingoing photons; in this coordinate system, radial
null geodesics are maximally extended. Note also from Eq. (22) that in the case under
investigation it is impossible to render the effective metric Minkowskian.
3.2. Minkowskian extraordinary rays in nonlinear liquids in curved backgrounds
We shall now analyze the case of nonlinear media in the context of curved backgrounds
such that its optical metric be flat. In particular, we shall use liquid media since under
natural circumstances they are isotropic. This simplifies tremendously the propagation
of disturbances there [37]. When electromagnetic fields are present in these media,
they might eventually become optically anisotropic (leading to the phenomenon of
birefringence), with the induced optical axis reflecting their symmetries [37].
Just in order to be simple and to evidence the physical ideas we want to convey,
let us analyze Kerr media (see [37] and references therein). For this case, we have
that its permeability is a constant, defined by µ0, and its permittivity is given by
εαβ = ǫ(E)(δ
α
β − V αVβ), where E =
√
−EµEµ is the norm of the external electric field
Eµ and V α the four-velocity of an observer, orthogonal to Eµ, who measures the electric
field. Let us investigate here only extraordinary photons, related to the anisotropic
solution of the Fresnel equation in the presence of electric fields. Ordinary photons will
be generically described at the end of this section. The associated effective metric for
this case can be obtained from its Fresnel equation and the result, when generalized to
an arbitrary coordinate system, is [44]
gˆµν = gµν −
[
1− µ0(ǫ+ ǫ′E2)
]
V µV ν − ǫ
′
ǫ
EµEν , (23)
with ǫ′
.
= (1/E)∂ǫ/∂E. Observe that for the case ǫ is a constant, Eq. (23) gives us the
well-known Gordon metric (see for instance Refs. [10, 45]). It is simple to show that
the inverse of Eq. (23) is
gˆµν = gµν +
1− µ0(ǫ+ ǫ′E2)
µ0(ǫ+ ǫ′E2)
VµVν +
ǫ′
(ǫ+ ǫ′E2)
EµEν . (24)
Assume a (given) background metric with spherical symmetry such that gµν =
diag(g00, g11,−r2,−r2 sin2 θ). Consider the same symmetry for the (unknown) electric
field, that with respect to an observer at rest [Vµ =
√
g00 δ
0
µ] is then E
µ = Er(r)δ
µ
1 . For
this case, Eq. (24) admits the solution gˆµν = ηµν as far as
g00 = µ0(ǫ+ ǫ
′E2) (25)
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and
ǫ′E2
ǫ
= −(g11 + 1). (26)
When Eq. (26) is inserted into Eq. (25), one has that
µ0ǫ =
g00
(−g11)
. (27)
From the radial symmetry involved and Eqs. (26) and (27), it follows that the generic
solution to the norm of the electric field can be cast as
E(r) = E0 exp
[
−
∫ r
r0
1
1 + g11
∂
∂r¯
log
(
−g00
g11
)
dr¯
]
, (28)
where E0 = E(r0). In order to exemplify the above formalism, let us investigate the
case g11 = −1/g00, valid, for instance, for exterior solutions to general relativity in the
spherically symmetric case. Here, Eq. (28) simplifies to
E(r) = E0
[
g00(r0)− 1
g00(r)− 1
]2
. (29)
For a concrete example, assume g00 = 1 − 2M/r, where M is a constant and r > 2M .
Then, Eq. (29) reads
E(r) = E0
(
r
r0
)2
. (30)
From Maxwell equations in material media, given that E =
√−g11Er, the associated
charge density is
ρ(r) =
1
4πr2
∂
∂r
[
r2ǫEr
]
=
E0
4πµ0
(r − 2M) 32 (4r − 3M)
r20
. (31)
One clearly sees from Eqs. (30) and (31) that the electric field is never null and
that the system has a nonzero net charge. For situations where 2M/r ≪ 1, for
instance, one has from the above equations that µ0ǫ ≈ 1 − 4M/r, which means
µ0ǫ(E) ≈ 1 − 4(M/r0)
√
E0/E. This is the dielectric response a Kerr liquid medium
must have in the presence of the electric field with norm given by Eq. (30) for supporting
straight light ray trajectories with speed c there.
We finally remark that all the analyses in this section were related to the optical
metric felt by extraordinary rays. The ordinary one is simply given by a Gordon-
like metric, obtained from Eq. (24) by assuming ǫ′ → 0. As it can be checked
in the particular example of this section, it is not possible to render both ordinary
and extraordinary optical metrics Minkowskian at the same time, since they are very
different in their functional forms. Generally, one could in principle only render the
ordinary metric Minkowskian in moving media [46], since further degrees of freedom
should emerge there.
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3.3. Flat optical metrics in compact astrophysical systems?
One could also imagine astrophysical consequences related to the flexibility of optical
metrics. Consider for instance the photon propagation in the interior of compact objects.
Such photons are present in material media, not in vacuum, and therefore in the limit
of geometric optics it would also be necessary to know the dielectric properties of the
astrophysical system in order for photons to be properly described. Photon trajectories
must be related to effective geometries and they carry the information of the underlying
spacetime metric and medium.
Naively speaking, one would expect that the presence of a material medium would
considerably slow the photons and all the information we can get from the astrophysical
system would come from the outermost regions. Notwithstanding, we have seen that
whenever an optical metric becomes flat photons would not be trapped anymore and
could freely escape the system. This could constitute a mechanism to release energy
from compact stars and coalescent systems that could take place intermittently, due
generally to their nontrivial dynamical evolution.
Let us analyze, only as a particular case of the above discussion, the conditions
required for the extraordinary optical metric to be Minkowskian in the vicinities of the
origin of a static, charged and spherically symmetric compact system. Such an analysis
is deemed to be important since it would give us insights into the physically interesting
cases to pay attention in more precise investigations. The main point here is not related
to the strength of the nonlinearities in the dielectric coefficients (obviously small for
regular electric fields), but solely to their existence, since it is only in this case they
would naturally be connected with electric fields, which must coincide with the ones
generated by charge distributions in stars and, thus, be regular. Analyses of this sort
are motivated by the possibility of allowing photons produced in the innermost regions
of compact stars to propagate freely outwards, giving us hope to assess how such regions
are. In any other case this seems highly improbable.
Near the center of the aforesaid system, the total energy density ρ (taking into
account the contributions due to electromagnetic and matter fields) could always be
Taylor-expanded, yielding
ρ ≈ ρ0 −
N∑
n=1
βnr
n, (32)
where βn and N ∈ N are constants, and ρ0 is the total energy density at the origin.
Note that some βn’s are null, such as the ones related to odd n, due to symmetry
criteria. Nevertheless, by making use of last subsection’s results, we shall show that
their specification is irrelevant for the regularity of an electric field in a finite region
around the origin of a star (by choosing a convenient N for so). Let us define, only
for convenience, g00
.
= eν and g11
.
= −eλ. In the case we are interested in, Einstein
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equations lead to [33]
e−λ ≈ 1− 8πr2
(
ρ0
3
−
N∑
n=1
βnr
n
n+ 3
)
(33)
and
∂ν
∂r
− ∂λ
∂r
≈ 8πr
[(
p0 −
ρ0
3
)(
1 +
8πr2ρ0
3
)
+
N∑
n=1
βnr
n
(
n+ 1
n+ 3
− ∂p
∂ρ
∣∣∣
ρ0
)]
, (34)
where p0 ≡ p(ρ0) is the total radial pressure at r = 0 and the second term of Eq.’ (33)
was assumed to be much smaller than its first one. Assume now that the dielectric
properties of the matter content in the central parts of a compact system can be
effectively described by those of a transparent nonlinear liquid. This is reasonable
and natural since it should in principle behave similarly to a plasma, and as so it
should be transparent and present low-losses for waves whose frequencies are higher
than the plasma one. Thus, such a dispersive nonlinear medium would always behave
as a transparent nonlinear liquid for any convenient frequency range above the plasma
one such that its permittivity could be taken as only dependent upon the electric field
there (practically constant in terms of the frequency). Actually, when searching for flat
optical metrics, one is exactly seeking to cancel it out. From Eqs. (28), (33) and (34),
one has that the norm of the electric field near the origin for a Minkowskian optical
metric would behave as
E(r) ∝
(
r
r0
) 3p0
ρ0
−1
, (35)
being thus null there only when p0 > ρ0/3. Note that any term in Eq. (34) whose r’s
power is larger than the unity is irrelevant for the issue of the regularity of the electric
field. Taking into account Eq. (27) to the case under interest, one sees that its leading
order term is g00(0), which fixes the frequency range where our analyses would be valid.
Corrections to this value can be easily obtained from the integration of Eq. (34).
Let us now qualitatively assess possible candidates for our formalism. As we have
stated previously, any reasonable and self-consistent candidate should be such that
p0 > ρ0/3. For this case, due to the regularity of the electric field at r = 0, one could
safely approximate the total energy-momentum tensor there by its matter counterpart,
which we shall assume to be a perfect one. In this regard, it can be checked that the
well-known σ−ω−ρ model for dense hadronic matter within the relativistic mean-field
approximation (see for instance [47, 48, 49] and references therein) can satisfy such a
constraint, since in its high baryon density limit (when compared to the nuclear density,
ρnuc ≈ 3×1014 g/cm3 ≈ 1.3×109(MeV)4), p→ ρ from below. For instance, for the NL3
parametrization to this model [50], one can verify that for ρ & 3.3ρnuc, p > ρ/3 takes
place. Let us see if this could also happen for systems that exhibit an innermost strange
quark phase. Taking, as an example, a MIT bag-like model to describe such a phase
The flexibility of optical metrics 12
[p = a(ρ − 4B), with a = 0.45 and B = (146MeV)4 (see [51] and references therein)],
one indeed has that ρ0 & 5.5 ρnuc also leads Eq. (35) to be null at r = 0. As we have
already said, another obvious criterion that reasonable candidates for flat optical metrics
must have is a nontrivial electric structure. In this regard, we stress that there is not
a conclusive observational answer to that yet. It is known that the phenomenology of
compact stars would evidence electric aspects to these systems only when their charge are
of the order of 1020C (related to electric fields of the order of 1021V/m) [52]. Naturally,
our optical analyses would become meaningful for much lower charges, expected to be
around 108C or even smaller (related to fields . 1010V/m). Nevertheless, it is very
likely that phase transitions lead to the appearance of large electric fields, at least in
some regions of stratified stars [47, 48, 53]. Besides, it is also believed that strange
stars should have huge electric fields near their surfaces, around 1020 − 1021V/m [54],
which also point to interior electric structures (surely of smaller magnitudes). Actually,
the presence of these huge electric fields could even explain the observed high magnetic
fields in compact systems [55, 56], as well as masses of the order of two solar masses [54].
The opposite is also naturally true: since chiefly Deutsch [57] and Goldreich and Julian
[58], it is well-known that high conducting magnetic stars must also present electric field
structures [internal and external]. Therefore, our simple analyses suggest that stratified
neutron stars with central densities of a few nuclear densities, as well as strange quark
stars, could be possible candidates for Minkowskian optical geometries, at least for some
of their regions, more likely the outermost ones. It also clearly shows that it is far from
obvious that dense systems should be optically thick or opaque a priori. Detailed studies
in this direction will be conducted elsewhere.
4. Discussion
We have seen that the flexibility of effective metrics could have far-reaching implications.
If it may be rendered or naturally becomes trivial (Minkowskian), then one (or nature)
could totally cancel out light interaction with matter and fields, and light rays would
propagate as if they were in vacuum. Besides, there the associated light rays would not
experience anymore the phenomenon of refraction nor reflection when coming from or
going to vacuum. We stress that if the medium is birefringent without the control of
optical metrics, it will keep being so even when they are controlled. The reason is simply
because birefringent media have two optical metrics: an ordinary and an extraordinary,
and generally they could only be controlled one at a time. Only for completeness,
we recall that material particles, such as electrons, would feel normally the material
structure and are bound to the geometry of the background spacetime.
Light propagation analyses in material media could also be imagined for assessing
their equations of state if accurate measurements and dense systems are at play. (For
a proposal of assessment of the properties of spacetimes with scattering measurements,
see Ref. [59].) One such example could be a quark-gluon plasma, which could shed
a light into the issue of the microphysics of the innermost region of neutron stars,
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motivated by the already existent analyses for its dielectric coefficients (see [60] and
references therein). This would be done as follows: given the dielectric coefficients,
electromagnetic fields and the optical metric of a medium, one could solve the equations
for the background metric and therefore infer its equation of state. The simplest case to
be analysed would be when light trajectories follow straight lines, as it is supposed to
be evidenced experimentally by the lack of reflection, refraction, etc, for light when it
crosses the system. For the case spherically symmetric spacetimes and electromagnetic
fields are involved in Kerr media, for instance, the aforesaid analysis is summarized
by Eqs. (26) and (27). We stress that for obtaining an unique optical metric out of
the propagation of rays, in general, one should make measurements of wave aspects of
light, because this is a way to differentiate between a given effective geometry and its
conformal one [see kµ in Eq. (5)]. The latter geometries are indistinguishable for the
propagation of light rays alone since they follow null geodesics there (see Appendix D
in Ref. [61] for further details).
Concerning Minkowskian optical metrics for compact astrophysical objects, we
point out that our analyses suggest that it would be of physical interest to investigate
the situations where p0 > ρ0/3. Naively speaking, it seems that stars with central
densities larger than a few nuclear densities could be interesting in the above scenario.
Detailed analyses would require specific systems and we leave them to be done in future
works.
We generally point out that the bending of light is different for nonlinear charged
black holes since light rays follow null geodesics with respect to the effective geometry,
not with the background one. For this case, light rays would be naturally more
appropriate to scrutinize effective theories of the electromagnetism. Properties of the
background spacetime could also be assessed, but in a more indirect way, given that the
effective metric felt by photons also contains the geometry felt by massive particles.
Summing up, in this work we have attempted to clarify the relevance and
applicability of optical metrics in the limit of geometric optics for ray propagation (either
ordinary or extraordinary). Examples concerning light propagation in nonlinear liquid
media, nonlinear charged black holes and compact astrophysical systems were given for
the first time to stress and evidence the possibility (which shows its flexibility, but not in
a trivial way) of having simple optical metrics (such as Minkowskian) and their possible
far-reaching implications in several scenarios. We plan to enter deeply into the details
on these issues elsewhere.
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